Abstract-This paper proposed a new factorization of a class of perfect reconstruction (PR) causal-stable modified discrete Fourier transform (MDFT) filter bank (FB) with IIR filters, whose prototype filter has identical denominator in their polyphase components. This factorization technique, which is based on the lifting scheme, is also complete for the PR FIR MDFT FB. It can be applied to convert a nearly PR MDFT FBs to a structural PR system, which is very useful to their multiplier-less realization because the PR property in these structural FBs is unaffected by coefficient quantization. Therefore, it is possible to employ canonical signed digits (CSD) or sum of powers of two coefficients to approximate the coefficients in the factored form without changing the PR property.
Introduction
Perfect reconstruction filter banks (PR FBs) have important applications in speech, audio, image and array processing. An efficient class of M-channel PR FBs is the discrete Fourier transform (DFT) filter bank, which is wellknown for its computational and design efficiency in realizing channels with equal bandwidth. The condition for which such DFT FBs is perfect reconstruction was reported in [1, 2] and the resultant DFT FB is called the modified discrete Fourier transform (MDFT) filter bank. Like the cosine modulated filter banks (CMFBs) [3, 10] , they offer good frequency characteristics while requiring very low design and implementation complexities. A recent study had shown that MDFT FBs with IIR filters have the potential advantage of realizing PR systems with lower system delay, sharper cutoff and higher stopband attenuation over their FIR counterparts [4] . Like the design of IIR CMFB, the design of IIR MDFT FB is also complicated by the highly nonlinear objective function and PR constraints associated with the IIR analysis filters. In [4] , the authors suggested to use the same denominator for the polyphase components of the prototype filter in the MDFT FB so that the PR constraints can be considerably simplified. However, when the number of variables and constraints increases, the optimization procedure is rather sensitive to the initial guess of the prototype filter. In [4] , a new method for designing NPR and PR IIR MDFT FBs was also proposed. First of all, a PR FIR MDFT FB with similar specification is designed by nonlinear optimization, which is considerably simpler than designing an MDFT FB with IIR filters. The PR FIR prototype filter is then model reduced to an NPR IIR MDFT FB by modifying a model reduction technique proposed in [5] . The NPR IIR MDFT FB has a reasonably good reconstruction error and it is employed as the initial guess to constrained nonlinear optimization softwares, such as fmincon from MATLAB, for designing the PR IIR MDFT FB. Design results show that both NPR and PR IIR MDFT FBs with good frequency characteristics and different system delays can be obtained readily by the method [4] . Some advantages of this method are that the stability of the modelreduced filter is guaranteed and the IIR filters so obtained closely approximate the properties of the original FIR filter. In addition, the modified model reduction technique in [6] produces a prototype filter with polyphase components with identical denominator, which considerably simplifies the PR constraints. By using these NPR IIR prototype filters as the initial guesses to the constrained nonlinear optimizer, significantly better convergence speed and reliability over the direct nonlinear optimization is achieved.
In this paper, the factorization of PR IIR MDFT FBs is studied. It can be applied to convert a nearly PR MDFT FBs to a structural PR system, which is very useful to their multiplier-less realization because the PR property in these structural FBs is unaffected by coefficient quantization. Therefore, it is possible to employ canonical signed digits (CSD) or sum of powers of two coefficients to approximate the coefficients in the factored form without changing the PR property. Factorization of the biorthogonal FIR CMFBs has been studied in [7, 9, 11] . In [7, 9] , a new factorization for a class of IIR CMFB previously proposed in [8] was developed. This factorization is based on the lifting scheme and it is also complete for PR FIR CMFBs and two-channel PR IIR filter banks if the determinant of the polyphase matrix is equal to a constant multiple of signal delays. Since the unconstrained optimization using the lifting coefficients results in highly nonlinear objective function, the design problem is formulated as a constrained optimization in the filter coefficients. The factorization technique is then applied to convert it to a structural PR system. Like the lifting scheme, it also can reduce the arithmetic complexity of the filter bank asymptotically by a factor of two.
The paper is organized as follows: Section II is devoted to the theory of PR FIR MDFT FBs. The theory and design of PR IIR MDFT FBs is recalled in Section III and the proposed factorization is described in Section IV following by an example in Section V. Conclusions are drawn in Section VI.
I. PR FIR MDFT FBS
The theory of MDFT FBs will be recalled briefly here. Interested readers are referred to [1, 2] for more detail. Assume all analysis and synthesis filters in this paper are derived from an identical real-valued low-pass prototype filter ) (n h which has a transition band from
. The complex analysis and synthesis filters for type-I and type-II MDFT FBs are:
respectively, where
. It is clear that the two types of MDFT FBs differ in the phase of the modulation and the way the real and imaginary parts are taken to form the subbands. For simplicity, we consider an 2M-channel MDFT FB with an overall delay of 1 )
. The PR condition on the polyphase components of the prototype filters for the two types of MDFT FBs are the same:
, c is a constant, s is an integer and ) (z G k are the type-I order-2M polyphase components of the prototype filter ) (n h . It is equivalent to the PR condition for an M-channel biorthogonal CMFB with a system delay of
, the prototype filter ) (n h is linear phase.
II. PR IIR MDFT FBS
Assume that the polyphase components of the IIR prototype filter takes on the following form:
that is, they have an identical denominator. Hence, the PR condition is (3) will reduce to
where
. It is equivalent to the PR condition for the IIR CMFBs studied in [8] . Also, to ensure that analysis and synthesis filters are stable, all the roots of ) (z D shall remain inside the unit circle.
Similar to CMFBs, MDFT FBs are obtained by frequency shifting of the prototype filter. To achieve a good frequency characteristic, the stopband error of the prototype filter needs to be minimized. This leads to the following objective function:
where s ω is the stopband cutoff frequency of the prototype
, the objective function is the familiar least squares design criterion. If approximate equip-ripple passband and stopband errors are desired, the value of d can be chosen as 4.
Let the z-transform of the IIR prototype filter be: 
The PR condition in (5) suggests that the length of denominator in the polyphase components should not be longer than the length of the numerators, otherwise it would be very difficult to balance the various powers of z on both sides of (5). The design problem can be formulated as a constrained optimization problem where (6) is minimized subject to the PR and stability constraints in (5) . Although the use of identical denominator greatly simplifies the design procedure, the optimization procedure is still sensitive to the initial guess of the prototype filter when the number of variables and constraints increases. To overcome this problem, a PR FIR MDFT FB with similar specification is first designed. The PR FIR prototype filter is then model reduced to an NPR IIR MDFT FB by modifying a model reduction technique proposed in [5] . The resulting NPR IIR MDFT FB will have a similar frequency characteristic as the PR FIR counterpart and reasonably good reconstruction error. It can therefore be employed as the initial guess to constrained nonlinear optimization softwares, such as fmincon form MATLAB, for designing the PR IIR MDFT FB. The IIR FB so obtained has a better performance than its FIR filter, especially when the transition bandwidth and system delay are reduced. Normally, it is not difficult to obtain a PR violation as low as 15 
10
− for the final IIR MDFT FB. It can therefore be factored to a structural PR system, to be discussed below.
III. FACTORIZATION OF M-CHANNEL PR MDFT FBS
Following the factorization of IIR CMFBs in [7, 11] , the PR condition of PR IIR MDFT FBs can be viewed as an
. For simplicity, assume that the common factors of ) (z N k and ) (z N k M + , which must divide the right hand side of (5), have already been removed and they are co-prime to each other. The general solutions of )
. Dividing both sides of (9) by ) (z D , we have
are particular solution to (3) . By using the Euclidean algorithm, ) (z N k and ) (z N k M + , since they are co-prime, can be written as
where K is a non-zero constant. Dividing both sides of (12) by ) (z D , we have
where c and c d are respectively the scale factor and the sum of the delays generated during the division of the Laurent polynomials. So the desired solution is
It should be noted that in the FIR case,
. Therefore, this factorization is also applicable to the FIR MDFT FBs and type II MDFT FBs. Note that the factorization in (12) is non-unique and it is possible to eliminate either the highest or lowest powers of the Laurent polynomial. In this paper, this option is employed to obtain a factorization with a lower dynamic range in its coefficients.
IV. EXAMPLE
In this section, we will give an example to show the efficiency of the factorization proposed. A 4-channel PR FIR biorthogonal MDFT FB with a length 20
was first designed by nonlinear optimization. The total system delay of the 4-channel FIR MDFT FB is 13
samples. After the PR FIR MDFT FB was designed, the modified model reduction [4, 6] was then used to model reduce the FIR MDFT FB to an NPR IIR MDFT FB with similar frequency characteristics. Using the prototype filter of the NPR IIR MDFT FB so obtained as the initial guess, a PR IIR MDFT FB with the similar specification can be obtained by solving a constrained nonlinear optimization problem.
The coefficients of the numerator and the denominator of the IIR prototype filter obtained are listed in table I. The factorization proposed in section IV was then applied to this PR IIR MDFT FB and the coefficients of the factorization are given in Table 2 .
To avoid large dynamic range of the coefficients in the factorization, ) ( 3 z q is obtained by removing both the lowest and the highest power of . This is obtained by searching the possible factorizations for coefficients with low dynamic range.
The frequency responses of the analysis filter banks before and after factorization are shown in Fig. 1(a) and 1(b) , respectively. It can be seen that the frequency response of the PR system is very close to the nearly PR system after optimization. The latter has a PR violation of the order 15 
10
− . The smaller the PR violation, the closer will the factored FB to its nearly PR version. 
V. CONCLUSIONS
A new factorization of a class of PR causal-stable MDFT FB with IIR filters is presentation. This factorization technique, which is based on the lifting scheme, is also complete for the PR FIR MDFT FB. It can be applied to convert a nearly PR MDFT FBs to a structural PR system, which is very useful to their multiplier-less realization because the PR property in these structural FBs is unaffected by coefficient quantization. A design example is given to illustrate the effectiveness of the approach.
